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Abstract 
Dunwoody, M.J., Inaccessible groups and protrees, Journal of Pure and Applied Algebra XX 
(1993) 63-78. 
Some examples of inaccessible groups and graphs are investigated. It is shown that the set of 
ends of a group or graph maps injectively into the vertex set of a protree. 
1. Introduction 
Let G be a group. A G-tree T is said to be terminal if each edge stabilizer is 
finite and each vertex stabilizer has at most one end. A group is said to be 
accessible if there exists a terminal G-tree, otherwise G is inaccessible. See [l] or 
[2] for a full discussion of these concepts. In [3] I gave the first known example of 
a finitely generated inaccessible group. Thomassen and Woess [9] have defined a 
connected graph X to be accessible if there is an integer k such that any two ends 
can be separated by removing at most k edges. They show that a finitely 
generated group is accessible if and only if its Cayley graph (with respect to a 
finite set of generators) is accessible. For an accessible graph X there is a structure 
tree T (see [7] or [9]) f rom which it is possible to get a complete picture of the end 
structure of X. An end of X corresponds to an end of T or a vertex of T of infinite 
valency. In the case of a Cayley graph the relevant structure tree is a terminal 
G-tree. 
In this paper we discuss how this theory needs to be modified to accommodate 
inaccessible groups and graphs. For this purpose it is necessary to introduce the 
concept of a protree, which can either be thought of as an inverse limit of trees or 
as a partially ordered set satisfying certain conditions. New examples are given of 
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finitely generated inaccessible groups. In particular an example is given of an 
inaccessible 2-generator group. Also an example is given of a l-transitive 4- 
regular inaccessible graph. This contrasts with Theorem 3.3 of [9] which states 
that if p is a prime then a l-transitive p-regular graph with more than one end is a 
p-regular tree. 
Finally, we show that if edge stabilizers are finite, then a minimal nice 
G-protree P has a realization as an R-tree on which G acts by isometries. 
I am preparing another paper [4] on the general theory of groups acting on 
protrees. 
2. Protrees 
Let E be a partially ordered set with an order-reversing involution e+ e* such 
that for every pair e, f E E exactly one off < e, f = e, f > e, f * < e, f * = e, f * > e 
holds. Then (E, 5) is called a protree. 
There is a tree T (which is uniquely determined) such that E = ET if, in 
addition, E satisfies the finite interval condition-that is, if e <f there are only 
finitely many g E E such that e < g < f. Two methods of constructing VT have 
been given. In [2] VT was the set of equivalence classes of E under the following 
relation: 
e-f if e?f*butfornogEEise>g>f”. 
Each equivalence class consists of all e E E for which Te is a particular vertex. 
Another method was given in [l]. It is this which is now generalized to provide 
VP the vertex set of our protree. We can then think of a protree P as being a pair 
of sets, VP, the set of vertices, and EP = E, the set of edges, though of course the 
complete structure is determined by the partially ordered set (E, 5). 
Define VP to be the set of maps which ‘preserve nesting’. Thus u E VP if 
u : E- Zr satisfies u(e*) = 1 - u(e) and if e <f * then u(e)u( f) = 0. For u E VP, 
put Au = {e 1 u(e) = 1)) then Au is an orientation of P. It is to be thought of as the 
set of edges which point towards u. 
If eE A,, the set 
is totally ordered. For if f,g E (u, e] and f < g*, then u( f)u(g) = 0. But u(f) = 
u(g) = 1 and so we have a contradiction. If f * < g then f * < e, contradicting f 5 e. 
Thus f 5 g or g <f as required. In the case of a tree (u, e] consists of the finite set 
of edges in the directed path from Le to u. 
We define directions at u at follows. A relation p is defined on A, by 
ep f ifthereexistsgEA.suchthatgse,gsf, 
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i.e. (u, e] II (u, f] # 0. Now p is clearly reflexive and symmetric. If e p f and 
f p k so that there exists g,h E A, with g 5 e, g I f, h 5 f, h 5 k, then g,h E 
(u, f] h’ h . t t 11 w K 1s o a y ordered. If g 5 h then g 5 k so e p k. While if h <g then 
h < e and so again e p k. Thus p is transitive and hence an equivalence relation. 




and put re = Le*. In general L : EP+ VP is not surjective. Let E be the edge-set 
of a tree. It is easy to see that any one-way infinite path gives rise to a vertex in 
VP - L(EP), and that any vertex in VP - L(EP) arises in this way. Also there is 
only one direction at such a vertex. The set VP - L(EP) is the set of ends of the 
tree. Thus one example of a protree is obtained by taking a tree and adjoining an 
extra vertex for each end. A new protree P can be obtained from given protrees 
P, and P2 by identifying a single vertex of P, with a single vertex of P,. It is not 
hard to see how the orderings on EP, and EP, are extended to EP. Other 
examples of protrees are described in Sections 3 and 4. 
Let P be a protree. For e E EP let [e] C VP be the set 
[e] = {u E VP ) u(e) = 0) . 
Thus [e] is the set of all vertices to which e” points. Clearly VP is the disjoint 
union of [e] and [e*]. Also e 5 f if and only if [e] C [f]. Let (BP be the Boolean 
ring generated by the sets [e]. We can regard %P as a subring of (VP, Z,) If 
b E $%P, then 6b = {e E EP 1 Le E b, Te E b*} is finite, in particular s[e] = e. Also 
if 
b={uIu(e)=OifeE66}, 
then we say that b is connected. Every b E (BP is the disjoint union of finitely 
many connected components. 
A protree can also be regarded as an inverse limit of trees. If E, C E, are 
subsets of E satisfying the finite interval condition above then they are edge sets 
of trees T, ,T, with vertex sets V, ,V, respectively. There is a graph morphism 
a : T2+ T, in the sense of Gersten [4]. That is, LY is a function from EZ U V, to 
E, U V, such that a(V,) C V,, a(EZ) C E, U V,, and, in the present situation 
czlE, =id, and if eE E, - E,, a(e) = a(Le) = cx(Te) E VI. So ct is the map contract- 
ing the edges of E, - E,. Consider the set of trees and tree morphisms obtained 
by taking all such subsets of E. The protree P is easily seen to be the inverse limit 
of this system. This is why the term ‘protree’ is used, by analogy with the term 
‘profinite group’. 
Let X be a connected graph and suppose G I Aut X. Let 
$%X = {a C VX ( 6a is finite} . 
66 M. .I. Dunwood~ 
In [l, Chapter II] Dicks and I show that there is a nested G-set E which generates 
23X as a &-module. Thus for each pair e,f E E exactly one of 
fee, f=e, ecf, f*Ce. f*=e, eCf'" 
holds. (Here e” = VX ~ e and C represents proper inclusion.) If we replace E by 
E U E” we see that we have a protree P. 
The Boolean space .t’X of X is the set of all ring homomorphisms ?8X+ Z2. If 
u E VX, then the map V : %X-Z,, 
1 1 ifuEa, ‘(‘)= 0 ifu$a, 
is a homomorphism. Thus U E .xX. If we put VX = (6 1 u E VX}, then CFX = 
.xX - VX is the space of ends of X. In the above Lz has the discrete topology and 
WX is regarded as a subspace of the set of maps %X-+2& which is given the 
product topology. 
If F E .‘t‘X then I restricts to a map I’ : E+ Z2, and it is easy to check that 
F’ E VP. Thus there is a map X : <xX + VP, X(E) = E'. Since E generates 8X, x is 
injective. The following theorem contains Lemma 4 of [7] which only deals with 
locally finite graphs. 
Theorem 2.1. Let p E VP, and suppose there is no u E VX such that x(U) = p. 
Exactly one of the following holds: p = x(e) for some E E .xX or 
(a) there are finitely many distinct edges e,, e,, . . . , e,, such that Le, = p, i = 
1,2, , n and n is the exact number of directions at p. 
Proof. Let p E VP be such that there is no u E VX such that X(U) = p. Suppose 
(a) is satisfied. We can regard elements of %X as subsets of VX, and the protree 
partial order is set inclusion. Since e, < e; if i # j, e,, ez, . , e,, are disjoint 
subsets of VX. If u $Z’e,, i = 1,2,. . . , n, then G(e,) = 0 and G(e,F) = 1. But p is the 
only element of VP satisfying p(e,*) = 1, i = 1,2,. . , n, and so X(V) = p, con- 
tradicting our hypothesis. Thus the ejs partition VX. In the Boolean algebra %X, 
e, + e, +... + e,, = 1. However, p(e,) = 0, i = 1,. . . n. Clearly p cannot be 
extended to a homomorphism ‘8X+ Zr (otherwise 1 = 0). 
The map VX+ VP, u + x(U) induces a ring epimorphism (Y : $8 P-+ ‘3X. A 
vertex p E VP determines a homomorphism % P-+ Z,. This homomorphism 
factors through %X if and only if it is zero on Ker CY, i.e.-if b E Ker LY then pgb. 
Now b E Ker CY if and only if b n x(vX) = 0. We need therefore to show that if 
b E Ker N then b consists of vertices p satisfying (a). If u E X(vX) then u(e) f 
p(e) for some e in the finite set 6b. If f is in a direction at p, then [f*] intersects 
X(vX) nontrivially, since when regarded as an element of %X, f”’ is a non-empty 
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subset of VX. But if u E x(vX) ~7 [f*] then u(e) = p(e) for all edges e E E such 
that e or e” is not in the same direction as f. It follows that there are only finitely 
many directions at p. Suppose there is a direction which does not contain any 
e E E such that re = p. If f is in this direction then ( p, f] contains infinitely many 
edges. If g E ( p, f], g # f then [f] n [g*] intersects X(vX) nontrivially. If u is in 
this intersection then u(f) = p(f). In fact, for any finite subset of E we can find 
u E X(vX) such that u and p take the same values on this set. It follows that in 
every direction at p there is an edge e such that re = p. Hence p satisfies condition 
(a). 0 
We see that CFX maps injectively into VP; the image set consists of all 
p E VP - x(VX) not satisfying (a). 
3. Groups acting on protrees 
If P = (E, 5) is a protree then an automorphism of P is an order preserving 
bijection of E to itself which commutes with the involution e-+ e*. An auto- 
morphism induces a bijection VP + VP. The set of all automorphisms of P forms 
a group Aut P under composition. If G is a group then we define a G-protree P to 
be a protree together with a homomorphism cp : G+ Aut P: for g E G, p E VP, 
e E E we write cp( g)e = ge and cp( g)p = gp. We say that the action is nice if every 
G-finite G-subset of E satisfies the finite interval condition, i.e. if E’ C E is the 
union of finitely many G-orbits and e, f E E’, e <f, then there are only finitely 
many gE E' such that e<g<f. 
Much of the theory of groups acting on trees goes over to nice actions of groups 
on protrees. In general if P is a nice G-protree then G\P will be a ‘prograph’. 
However, in the examples we will be considering G\P is a protree. Then, as in 
the Bass-Serre theory, the structure of G as completely described by specifying 
G\P and the stabilizers of the edges and vertices of a lift of G\P to P. An account 
of this theory will be given in [4]. We will need the following result (see [l, 
Theorem 1.4.121): 
Proposition 3.1. Let P be a G-protree, on which G acts without involutions, i.e. 
fornogEGandeEEisge=e*. Theneither 
(a) G = G, for some p E VP, or 
(b) for some e E E and some g E G ge < e or e < ge ( g translates e). 
When (b) holds and P is nice, then for C = G,, either G = B *(. D with C < B, 
C < D or G is an HNN-group G = B *=. 
Proof. Suppose (b) does not hold. Then since G acts without involutions, for 
eacheEEandgEGeitherge=e,ge<e*, or ge* < e. For a particular e E E, we 
6X M. .I. Dunwoody 
cannot have g,h E G such that ge < e* and he* < e, for then hge < he* < e and so 
(b) holds. If there exists e E E such that ge = e for every g E G, then (a) holds 
with p = Te. Thus we may assume that for every e E E either ge < e” or ge* < e 
for some g E G. Put u(e) = 0 and u(e*) = 1 if ge < e* for some g E G. Thus 
u(e) = 1 and u(e*) = 0 if ge* < e for some g E G. We show that u preserves 
nesting. Suppose e <f* and u(e) = u(f) = 1. For some x E G, xe* < e. By the 
argument above, since yf” <f for some y E G, either xf = f or xf* <f. If xf = f 
then e*<xe<xf*=f”, while if xf * <f, then e* < xe < xf * <f. In both cases 
e* < f or f *, but not xe* < xf or xf *. This contradiction means that if e < f * then 
u(e)u( f) = 0. Thus u E VP. Clearly gu = u for every g E G. 
When (b) holds and G is nice then Ge U Ge* is the edge set of a tree. Since g 
translates e, it cannot fix a vertex of this tree (though it may fix a vertex of the 
corresponding protree). The Bass-Serre Structure Theorem [ 1, Theorem 1.4. l] 
for the non-trivial action of G on this tree gives the required decomposition of G. 
Note that it is possible for both (a) and (b) to hold. Let E = Z U Z* be the 
union of two copies of the integers, with the partial order induced by the natural 
order on Z. Then Z acts on E by translation, but fixes the two vertices of the 
protree which are not vertices of the corresponding tree. 0 
A subprotree S of a protree P is called convex if whenever e <f < e’ with 
e,e’ESandfEP,wehavefES. 
Proposition 3.2. If P is a nice G-protree and G # G, for every u E VP, then P has 
a unique minimal convex G-subprotree M, consisting of all e E E which are 
translated by some g E G. 
Proof. By Proposition 3.1 if G # G, for every u E VP, then there is an edge e E E 
which is translated by some g E G. To prove the proposition we need to show that 
the subprotree of P consisting of all such e is convex. Thus we need to show that if 
e < f < e’ and e is translated by g, say e < ge, and e’ is translated by g’, say 
e’ < g’e’, then fis also translated by some element of G. However, since P is nice, 
the union of the orbits of e, e’ and f form the edge set of a G-tree, and it is well 
known [l, Proposition 1.4.131 that in a G-tree the translated edges form a unique 
minimal G-subtree. Thus f must be translated by some element of G. •i 
In [3] I constructed an inaccessible group J. This group acts on a protree P, so 
that J\P is also a protree, as shown below 
corresponding to a lattice of groups 
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and H~=U;=,H$H. 
As in the Bass-Serre theory J is determined by J\P, which in this case is a 
protree, and the stabilizers of the edges and vertices of a lift of J\P to P. (Of 
course, it is not always the case if P is a G-protree that G\P is also a protree.) In 
this case J\P is particularly easy to describe, and we have labelled the edges and 
vertices of J\P with the corresponding stabilizer. However, it is not always 
possible to draw a good diagram representing G\P as we shall soon see. 
In the above example if p is a vertex of P stabilized by H, then the directions at 
p are stabilized by conjugates of H, in H. If q E VP and q is not in the same 
J-orbit as p, then q is stabilized by a conjugate of Gi for some i, and every 
direction at q contains an edge e such that re = q. Let us call a vertex q of a 
protree with this property a tree-like vertex, i.e. q is tree-like if every direction at 
q contains an edge e such that re = q. From the admittedly rather small evidence 
of the above example it might seem reasonable to conjecture that if G is a finitely 
generated group and P is a nice minimal G-protree with finite ‘edge’ stabilizers, 
then VP has only finitely many orbits of vertices which are not tree-like and all 
vertex stabilizers are finitely generated. We give examples to show that neither 
condition need hold. 
The basic building block in the construction of these examples is a group 
G = G( p, q, r) for integers p, q, r all greater than 1, which has the following 
property: 
There are elements a,b E G such that a has order p, b has order qr and 
G = (a, b’). 
Proposition 3.3. For p > 4, q,r > 3 and q, r coprime, we can take G( p, q, r) = A,, 
wheren=kp, k>l, k=O(mod(q-1)r). 
Proof. Take 
a = (1,2,. . . , p>(p+l,p+2,...,2p) 
. . . ((k - 1)p + 1 , (k - 1)~ + 2,. . ,n) 
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Let c be a product of disjoint q-cycles chosen as follows. The first cycle of c is 
(1,2,p+1,2p+l,...,(q-2)p+l).Takethesecondcycleofctohaveone 
entry from one of the first q ~ 1 cycles of a and one entry from each of the next 
q - 1 cycles, the third cycle has one entry from one of the first 2( q - 1) cycles of a 
and one from each of the next q - 1 cycles of u, and so on. For instance for p = 5, 
q = 4, k = 6, we have 
a = (1,2,3,4,5)(6,7,8,9, lO)(ll, 12,137 l4,15) 
(16,17, 18,19,20)(21,22,23,24,25)(26,27,28,29,30) . 
We can then choose c = (1, 2, 6, 11)(13, 16, 21, 26). Plainly (a, c) is transitive. 
The complement of the support of c is easily seen to have at least Y elements. We 
can therefore take a permutation d of order r whose support does not meet the 
support of c, and define b = c’d, where ir = 1 (mod q). Then b’ = c. Also 
x = u-.‘cu = (2, 3, p + 2,. . , (q - 2)p + 2)s, and it is possible to choose c so that 
s commutes with c. (In fact, most choices of c have this property.) Also most 
choices of c give y=x~‘cx=(l, 3, p+l,...(q_2)p+l)t where c=(l, 2, 
p + 1,. . . , (q - 2)p + 1)t. Now z = cy-’ = (1, 2, 3) and 
UZ _'=w=(3,4 ,...) p)(p+l,p+2,...,2p) 
. . ((k - l)p + 1 , (k - 1)~ + 2,. > n> , 
and the first cycle of u = a.‘xu is (3,4, p + 3,. . , (q - 2)~ + 3). By conjugating z 
by powers of u and w we obtain all 3-cycles of the form (1, 2, i). But if i # j 
(1,2, ;)(I, 2, i)(l, 2, ;)-I = (1, i, j) = (1, i)(l, j) 
and A,, is generated by elements of this form. Thus G = (a, c) . 0 
We show now that a and b can be chosen to satisfy another condition that we 
will need later, namely 
(i) there is an automorphism cy of G such that a(u) = a-’ and a(b) = b-‘. 
In fact, (Y will be conjugation by an involution m in S,,. There are many 
involutions r satisfying Y ‘CZ~T = a-‘. The first cycle of c is (1, 2, p + 1, 2p + 
1 . . , (q ~ 2)p + 1). We can choose n so that m( 1) = 2, ~(2) = 1, 7~( p + 1) = 
(;‘-2)p+1,~(2p+l)=(q-3)p+l,....Thus~willfix~p+lifq=2m+l, 
so r permutes the elements of the first cycle of a and also the mth cycle if q is 
odd. It takes the elements of the second cycle to the elements of the (q - 1)th 
cycle and so on. For example if p = 7, q = 5, k = 4, then 
a = (1,2,3,4,5,6,7)(8,9, 10, 11, 12,13,14) 
(15,16,17,18,19,20,21)(22,23,24,25,26,27,28). 
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The first and only cycle of c is (1, 2, 8, 15, 22). Let rr be the involution 
T = (1,2)(15)(3,7)(4,6)(5)(8,22)(~,28)(10,27)(11,26) 
(12,25)(13,24)(14,23)(15)(16,21)(17,20)(18, 19). 
Then K’az- = a-’ and rr ‘UT = cm ‘. If k # q - 1 then c will require more than 
one q cycle in order to ensure that (a, c) be transitive. One way of doing this is 
as follows. Choose two elements from the first q - 1 cycles of a which are 
transposed by rr and which are not in the support of the first cycle of c. Now take 
one element from each of the next q - 2 cycles of a. It is not hard to see that we 
can choose 7~ so that conjugation by n inverts both a and this cycle also. Now 
repeat this process until all the cycles of a have been used. The requirement that 
k=O(mod(q-l)r)shouldbeamendedtok=q-l+s(q-2)forsomes.At 
this stage we have chosen c and rr. We know that 7~ acts as an involution on the 
set of elements not in the support of c. By choosing s large enough we can ensure 
that when restricted to this set the support of 7~ has at least 2r elements. We can 
then choose d of order Y so that d is disjoint from c and K’dn- = dm ‘. For 
instance we can take d to be a cycle if r even, while if d is odd choose a cycle f of 
order 2r inverted by conjugation by 7~ and put d = f‘?. 
The group G = G(a, b, c) has a lattice of subgroups as in the following diagram 







Consider the free product with amalgamation corresponding to the graph of 
groups 
G(a,,b,,x)xa, Gh a,) Y> X b, 
alhl 
where a,, b,, x, y are mutually coprime. This group contains a lattice of 
subgroups 
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The point here to note is that the upper part of this lattice contains the lattice 
Put x=a’,ak, y=bjbJ, G(a,b)=G(a,, b,, a’,a;)Xa,, G(b,a)=G(b,, a,, 
bl bl) X b, . The graph of groups 
G(a, b) G(b, a) 
has the same fundamental group F as 
G(a, b) (a,b, 1 x ~‘,a; (a,b,) X b;bi G(b, a> 
a,h,oiui U,hl a,h,hjh~ 
Consider now the graph of groups 
@a, b) (a,b,) x G(a’, b’) (a,b,) X G(b’, a’) G(b, a) 
where G(a’, b’) = G(aL, b;, a’;al) x a’,, G(b’, a’) = G(bi, a’,, b’,‘bi) x bi. Let F, 
be the fundamental group of this graph of groups. By inspecting the above graphs 
of groups it can be seen that there is a homomorphism cp : F+ F, which is 
injective when restricted to the vertex groups of F. Let F’ be the fundamental 
group of the graph of groups 
G(a’, b’) G(b’, a’) 
Ujhi 
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Then F’ is generated by (elements of order) a;u; and bib;, just as F is generated 
by ala2 and b,b,. It follows that a,b, X F’ is generated by a,b,u’,uL and u,b,b;bi 
and since F, is the fundamental group of the graph of groups 
G(a, b) u,b, x F’ W, a> 
nlh(Riai alblhjh< 
we see that cp is surjective. 
Let fi be the fundamental group of the graph of groups 
G(a, b) u,b, x G(a’, b’) u,b,u’,bj X F” u,b, x G(b’,a’) G(b, a) 
(with app ro ria e edge groups). Then there is an epimorphism ‘p, : F, -+ F2. In a p t 
similar way we extend the sequence of groups F, F,, F2,. . . , by, as it were, 
expanding the middle vertex group at each stage. There is an epimorphism 
‘p, 1 F,,-F,+,. In order that all edge groups be cyclic we require that the set {a,, 
b,, a’,, bj, a’;, 6’1,. . .} consist of mutually coprime integers. Obviously this can be 
achieved by taking the set to consist of distinct primes. Let L be the direct limit of 
the above sequence of epimorphisms. Then L acts on a protree P so that L\P is 
the protree 
Gh b) G(a’, b’) x u,b, 
_--. . . 
P E ’ 
. . .-ii, 
G(b’, a’) x u,b, G(b,a> 
f’ f 
where e = u,b,u’,ub, e’= u,b,u’,b~u’~a~, . , f’ = a,b,u’,b;blbi, f = a,b,blbi. 
There is one orbit of vertices which are not tree-like (in the middle of the above 
diagram). The stabilizer of each vertex in the orbit is infinite but locally cyclic. 
There are two directions at each such vertex, each direction having the same 
stabilizer as the vertex. Each stabilizer is the union of cyclic subgroups of orders 
a,b, ) a,b,a’,bi, a,b,a’,b;u’;b’,‘, . . . . In the above construction L has two 
generators with orders u1u2 and b,b,. Also for any finite set of edges of L\P there 
is a non-trivial decomposition of L as the fundamental group of a graph of groups. 
This means that the action of L on P is nice, since this decomposition must arise 
from an action on a tree whose edge set is the union of the corresponding orbits 
of P. By Proposition 3.2 the protree is minimal, since each edge of L\P gives rise 
to a non-trivial decomposition of L as a free product with amalgamation. For an 
accessible group G any process of successively decomposing G, and the factors 
that arise in the process, as a free product with amalgamation over a finite 
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subgroup, terminates after a finite number of steps (see [l, 1301). Thus L must be 
inaccessible. 
In our second example we construct a finitely generated group M with a nice 
action on a minimal M-protree P so that M\P has infinitely many orbits of 
non-tree-like vertices. 
In the previous example L was constructed as a direct limit of a sequence of 
groups F,, each specified as a fundamental group of a graph of groups. The 
underlying graph for F,, has 2n + 1 vertices arranged in a line 
The middle vertex can be replaced by an edge (without changing the fundamental 
group). The underlying graph for F,, then has 2n + 2 vertices arranged in a line. 
The process of obtaining F,, + , from F,, consists of ‘expanding’ the middle edge to 
become three edges. At each stage there is just one edge that can be expanded. In 
our new construction, we expand an edge to become four edges, both of the 
middle two edges can be used for subsequent expansions. As before consider the 
group F which is the free product with amalgamation corresponding to the graph 
of groups 
where a,, b,, x, y are mutually coprime. Put x = c,c7e,e2, y = d,d?f,f*, where all 
factors are coprime. As before F is isomorphic to the fundamental group of a 
graph of groups 
G(az, b,, x> X a, a,b, x x a,b, x Y G(b,, a, 3 Y> X b, 
There is an epimorphism from F to the fundamental group of the graph groups 
obtained by replacing the middle edge of the above graph by 
c,c2e,e2 
C’,Pl 
e,e&,d, d,d,f, f2 
where all edge and vertex groups are crossed with a, b,. Thus the left-hand edge is 
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crossed with a, b ,e,e2, and the right-hand edge is 
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crossed with a,b,d,d,. Both these edges can now be expanded as in the new 
modified way described above. Now repeat this process. At each stage the 
number of edges that are expanded is doubled. Let M be the direct limit of the 
sequence of fundamental groups M, of graphs of groups obtained by these 
expansions. Let {e,} be a sequence of edges such that e,, is an edge of the graph 
corresponding to M,, and is one of the middle two edges obtained by expanding 
e n_, . Then {e,} determines an orbit of non-tree-like vertices of M. Since there 
are uncountably many such sequences, and the orbits of vertices they determine 
are distinct, M has the required property. As in the case of the previous example, 
the action is nice and minimal. 
4. Edge-transitive graphs 
We adopt the terminology of [9]. Thus a graph X consists of a set VX of 
vertices and a set of EX of unordered pairs of vertices called edges. A graph X is 
said to be l-transitive if for any two ordered pairs (x, y) and (u, u) of adjacent 
vertices, there is an automorphism cp of X such that p(x) = u and q(y) = u. If X 
satisfies the weaker condition that it has one orbit of edges under Aut X then X is 
called edge-transitive. 
Proposition 4.1. Let X be the Cayley graph of the group G with respect to the 
generating set S. Then X is l-transitive if the stabilizer of S U Sm ’ in Aut G acts 
transitively on S U S-l; X is edge-transitive if the stabilizer of S acts transitively on 
S. 
Proof. It is easy to see that an automorphism of G induces an automorphism of X 
provided it stabilizes S U S i. The proposition follows easily. q 
In [9, Theorem 3.31 Thomassen and Woess prove that a connected, l-transitive, 
r-regular graph with more than one end is an r-regular tree, if r is prime. They 
remark that it would be interesting to classify all connected l-transitive graphs 
with more than one end. We now construct a l-transitive 4-regular inaccessible 
graph. It seems therefore that it is very unlikely that it will be possible to give a 
reasonable classification of l-transitive graphs with more than one end. 
Carry out the construction of L as above, except that we put a, = b, , a, = b,, 
a’, = bi, a; = bi etc. In doing this we are removing some of coprimeness condi- 
tions which were imposed to ensure that edge stabilizers are cyclic. If we retain 
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the condition that the set {a,, u2, a’,, a;, a’;, at, . .} consist of coprime integers 
then every edge stabilizer is a direct product of at most two cyclic groups. Thus 
the diagram for L\P becomes 
G(a, a> G(a’,a’) x a, x a, 
<3--. . . , 
r r ’ 
. . .ii_r?, 
G(a’, a’) x a, X a, G(a, a) 
F’ c 
where G(a, a) = G(u,, a,, a’,~;) x a,, e = u,a; X ~,a\, e’ = u,u’,u’l X u,u’,&. NOW 
L is generated by two elements x, y of order u,u2 and there is an automorphism 
which transposes x and y. If we also choose all the G(p, q, Y) groups as in 
Proposition 3.3 to satisfy condition (i), then there is an automorphism a( p, q, r) 
of G( p, q, Y) which maps the generating elements of orders p and Y into their 
inverses. It is not hard to see that there is an automorphism (Y of L which restricts 
to a( p, q, Y) on each vertex group. Thus a(~) = x-‘, and a(y) = y-‘. It follows 
from Proposition 4.1 that the Cayley graph X of L with respect to the generating 
set {x, y} is l-transitive 
graph. 
Since L is an inaccessible group, X is an inaccessible 
5. Protrees and R-trees 
Let P be a minimal G-protree for the finitely generated group G. Suppose the 
action is nice, and that G, is finite for every e E E. We choose ug E VP so that 
ug = beg for some e,, E P. Regarding G as a left G-set, there is a G-map 
(Y : G+ VP such that a(l) = Us,. Let S be a finite generating set of G and let 
X = X(G, S) be the Cayley graph of G with respect to S; thus VX = G, and 
For e E E, let b, = {g E G ( a( g)(e) = l}. If we regard b, as a subset of VX, then 
66, is finite. For suppose (g, gs) E 6b,. Then either a( g)(e) = 1 and a( gs)(e) = 0 
or a( g)(e) = 0 and Lu(gs)(e) = 1. If, for example, a(g)(e) = 1 and a(gs)(e) = 0 
then e > ge,, or e > ge,: and gse,, 2 e or gse (7 2 e. Since edge stabilizers are finite 
and the G-action is nice, it follows that for each s E S there are only finitely many 
g E G which have this property. Since S is finite, 6b, is finite. 
For sES, let w,(e)= I{gEG 1 (g, gs)E6b,}(. Note that if (g, gs)E6b, and 
xE G, then (xg,xg.s)~ 6b,. Thus (G,( divides w,.(e). In fact w,(e)/ 
lG,l= I{gc E P I (1, s> E 6b,,H. F or each eE E, put llell = 1/16b,l. 
We define the realization I PI of P as follows. For each e E E let Z, be an open 
interval. We assume 1, is equipped with a parametrization ‘y, : (0, /jell)+ Z,. We 
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take Z, and Zr to be disjoint unless e = f or e = f*. However, Z, = Z: and 
r,*(t) = rAl4 - t). 
Let B be the subset of VP consisting of all points except those points in 
VP - L(P) with one non-treelike direction, and let N = UrEEZr. Put IPI = B U N. 
We define a metric on ]Z’ as follows: 
For x,y E B, d(x, y) = C {Ilell I -x(e) = 1, y(e) = 0). 
For x E N, y E B, let x E I,, and ~~y,( c) = x. Then d(x, y) = 5 + d(Le, y) if 
y(e) = 1, and d(x, y) = llel] - 5 + d(Te, y) if y(e) = 0 
For x,y E N, let x E Z,, y E Zr. We can assume e sf. If e =f then d(x, y) = 
]5-J],wherey,(5)= x and -yc( l) = y. Otherwise, d(x, y) = d(x, Te) + d( y, Te). 
We have to show that the sums in the above definition are convergent. Suppose 
firstthatx=a(l),y=a!(S),wheresES. ForeEP,ifx(ge)=l andy(ge)=O 
then (1, s) E 6b,,, and the G-orbit of e contains w,(i3b,) /I G, I elements for which 
this occurs. Each such element contributes 1/]6b,l to d(x, y) and so their total 
contribution to d(x, y) is at most 11 I G, I. H owever, it follows from [6, Theorem 21 
that c ?E<AP 1 /I G, I 5 2d, where d is the number of generators of G. It follows that 
if x,y E Im (Y and x, y are images of points in the Cayley graph X joined by an 
edge path of length IZ, then d(x, y) 5 2nd. Thus the sums in the definition of 
d(x, y) converge for points x,y E Im (Y. Note now that Im (Y is a G-subset of VP. 
Let P’ = {e E P I x(e) = 1, y(e) = 0 f or some x,y E Im a}. Clearly P’ is a convex 
G-subprotree of P. Thus P’ = P by the minimality of P. Let x,y E B. We can 
assume that there are two directions at both x and y. (If x = be for some e and 
there is only one direction at x, then P is not minimal.) Let x’ E Im (Y be such that 
x’ = Le’ where e’ is in a direction at x not containing y. Similarly choose y’ E Im (Y 
so that y’ = of’ and f’ is in a direction at y not containing x. It is not hard to see 
that if e E P and x(e) = 1, y(e) = 0 then x’(e) = 1 and y’(e) = 0. Since d(x’, y’) is 
defined, d(x, y) is defined. 
We now need to show that the axioms of an R-tree are satisfied. Thus, 
following [8], we need to show that d defines a metric on IPI and the following 
conditions are satisfied: 
(i) Given x,y E IPI there is a unique segment [x, y] (isometric to a closed 
interval) with end points x and y. 
(ii) Given x,y,z E IP] we have [x, y] n [z, y] = [w, y] for some w E IPJ. 
(iii) Given points x,y,z E ]PI with [x, y] II [y, z] = { y}, we have [x, y] U 
[Y, 21 = [x, 21. 
It is easy to see that d determines a metric on IPI. For if x,y,z E B and 
x(e) = 1, y(e) = 0 then either x(e) = 1, and z(e) = 0 or z(e) = 1 and y(e) = 0. In this 
case then d(x, y) I d(x, z) + d(z, y). Clearly if x,y E B then d(x, y) = 0 implies 
x(e) = y(e) for every e E E and so x = y. Checking the conditions of a metric 
space for when some of x,y,z E N is straightforward but tedious. 
Let x,y E B, and let d(x, y) = D. Let [x, y] C IPI be defined as follows: 
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[x, ~1 n B = (2 1 f or all e E P, x(e) = y(e) implies x(e) = z(e)} 
If z E [x, y] then d(x, z) + d(z, y) = D. Hence there is a map 
9 : [x, YI- [O, Dl 2 Icr(z) = 4x, 2) . 
We show that 4 is a bijection by showing that there is an inverse map 
< : [0, D]-+ [x, y]. Suppose c E [0, D]. If for some e E P with Z, C [x, y] we have 
$(Le) < c < $(Te) then c = $(z) for some z E 1,. Put t(c) = z. Otherwise define 
i(c) = u : P+ (0, l} as follows: Let eE P, if x(e) = y(e) then u(e) =x(e). If 
x(e) = 1 and y(e) =O, put v(e)=0 if $(re)s c and $(Te)<c; put u(e)= 1 if 
$(Le) 2 c and $(Te) z c. If x(e) = 0 and y(e) = 1, then put u(e) = 1 - u(e). It is not 
hard to check that u preserves nesting, and in fact u E [x, y]. Clearly 1c/ and < are 
inverse mappings. This argument is easily adapted if either or both x and Y are 
in N. 
It is left to the reader to check the other axioms of an [W-tree. 
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